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Abstract

We propose a visual analysis method for the comparison and evaluation of structures in solid-state materials based on the elec-
tron density field using topological analysis. The work has been motivated by a material science application, specifically looking
for new so-called layered materials whose physical properties are required in many modern technological developments. Due
to the incredibly large search space, this is a slow and tedious process, requiring efficient data analysis to characterize and
understand the material properties. The core of our proposed analysis pipeline is an abstract bar representation that serves as
a concise signature of the material, supporting direct comparison and also an exploration of different material candidates.

1. Introduction

This article presents a visual analysis tool developed in collabora-
tion with physicists and has contributed to several physics publica-
tions [BFC*21,CTOL*21,LTY *23]. The application context is en-
gineering novel materials with specific properties, an essential task
for many technological advancements [CCK* 14]. One class of ma-
terials gaining interest is “layered” materials, e.g., graphite [BB24].
Such materials are solids made up of weakly bonded layers of
atoms, having interesting properties with many applications rang-
ing from energy storage to biomedicine [Gut20]. Much effort is put
into synthesis and simulation to find new materials with the desired
properties. Due to a large number of possible candidates the search
for suitable materials is a slow and tedious process that requires
efficient data analysis to characterize and understand the material
properties. Here we contribute with a novel visual analysis concept
supporting an easy comparison of such data.

Our analysis focuses on the electron density, which is generally
considered to be the most complete description of materials’ prop-
erties [SMH™*22] and is increasingly available in databases, e.g.,
the Materials Project [JOH™ 13]. However, despite its significance,
it is seldom explored in full detail. This might be due to missing
tools supporting direct comparison of electron density fields. The
goal of this work is to explore in how a full analysis of the electron
density can support the material exploration process. We focus on
the development of feature descriptors that support quantitative and
visually comparative analysis of the structure of the density field.
Since topological data analysis provides a rich set of methods for
this purpose [YMS*21] it forms the basis for our work.

Our work builds on standard topological descriptors such as the
merge tree [YMS*21] to derive a concise signature of the mate-
rial that aggregates the most important properties of the data in one
view. For this purpose, we exploit the specific structure of the data,
which is made up of relatively simple periodic unit cells, typically
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with less than about a hundred atoms. The saddle points often have
a direct physical meaning. In layered materials, there are differ-
ent types of saddle events: from atoms to bonds, to chains, to lay-
ers, and to one component which we summarize in a bar signature.
Such bars can be placed next to each other for comparison and ex-
panded on demand for detailed investigations. A link back to spatial
representations, familiar to scientists, is also provided. Selecting a
saddle point of interest automatically generates a transfer function
highlighting the related changes in the field. We first demonstrate
the usefulness of the method on the case that motivated this work,
two further examples show the generality of the work.

Related work. Topological analysis of the electron density field
has a long tradition in characterizing atomic interactions based
on Bader’s theory of Atoms in Molecules [Bad85]. Density val-
ues at bond critical points serve as indicators for the interaction
strength [JKMS*10]. However, such methods are rarely used for
data summarization and comparison. In visualization, topological
analysis of electron density fields has mostly been using Morse-
Smale decomposition of the domain [AMFH21]. Examples in-
clude the characterization of atomic bonds in molecular systems
by Gunther et al. [GBCG™*14], the exploration of molecular and
condensed-matter systems by Bathia et al. [BGL* 18], or a Morse-
Smale analysis of ion diffusion in battery materials by Gyulassy
et al. [GKL"15]. In general, tree visualization is a fundamen-
tal component in information visualization. A variety of layouts
and interaction techniques have been developed, mostly targeting
large and complex tree structures, summarized by Graham et al.
[GK10]. Methods for comparing topological structures, including
merge trees, can be found in the state-of-the-art report by Yan et
al. [YMS*21]. An attempt to visually summarize a set of merg-
ing trees is the Lohfink et al. [LWL*20] fuzzy contour tree, which
aims at general scalar fields. In contrast to this generic approach,
we are interested in a specific class of scalar fields that can be ex-
ploited to obtain less complex representations. The automatic gen-
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eration of transfer functions used in our work builds on ideas from
the topology-driven volume rendering by Weber et al. [WDC*07].

2. Data

The considered data is electron density fields, from numerical sim-
ulations, given as a scalar field on a grid, together with the atomic
positions of the material. All materials are periodic crystals. Two
of our case studies are layered materials: beryllium tetranitride
(BeNy4) [BFC*21] and nickel dinitride (NiN2) [BBP*21], both have
small unit cells with 5 atoms in the unit cell for BeN4 and 6 atoms
for NiN». BeNy is initially synthesized at high pressure and forms
layers as the pressure is released to ambient conditions. Its electron
density field is given at seven pressure points: 0, 6.8, 11.8, 17.8,
25.6, 40.5, and 83.6 GPa. The NiN2 data is available for two dif-
ferent types: marcasite type m-NiN2 and pentagonal type p-NiNa.
The p-NiN> is layered, whereas the m-NiN> is not layered. These
two structures are compared at a single pressure of 38 GPa which is
the formation pressure of m-NiN». The third case study compares
a pure metal Niobium (Nb) and a high entropy alloy (HEA) con-
sisting of a mix of five different metals Niobium, Hafnium (Hf),
Zirconium (Zr), Titanium (Ti) and Vanadium (V) [CTOL*21]. The
metal and alloy consist of 120 atoms. Thus, they have larger unit
cells, which are needed to capture the disordered nature of the al-
loy. The periodicity is enforced by the simulation.

Data assumptions. The method’s design builds on the following
assumptions. (i) The data is periodic, given by a unit cell that ex-
pands in all directions. (ii) The unit cell is in the order of magnitude
of a hundred atoms. (iii) Maxima in the scalar field represent atoms,
and saddles represent bondings between atoms or atomic groups,
according to Bader’s theory of Atoms in Molecules [Bad85].

3. Method and Design

Task Analysis. To support the analysis of structures in solid-state
materials we identify the following key tasks:

T1 Quantification of the structures in the material, based on the
electron density field, represented in a material descriptor.

T2 Visualization of the material descriptor, suited for comparison
between material configurations.

T3 Automatic visualization of the electron density field to inspect
and verify found material structures.

Method overview. The merge tree, capturing the material’s struc-
ture from the charge density fields, builds the center of our vi-
sualization and analysis method. To capture all structural events,
it is computed from an expanded cell according to the periodic
boundary conditions. We support the visualization of the full merge
tree or collapsed summary bar that is better suited for compari-
son. To link this abstract visualization back to the charge density
data, we use an isosurface visualization of the density with an au-
tomatically specified isovalue based on nodes of interest from the
merge tree (Figure 2 (a)). The prototype is mainly implemented in
Inviwo [JSS*19] which uses Topology Toolkit [TFL*17] for the
topological analysis at the back-end and D3 [BOH11] for the inter-
active front-end.

3.1. Merge tree as a material descriptor (T1)

Given a scalar field f : X — R defined on a connected space X, the
merge tree keeps track of the connectivity of the super-level (or sub-

level) sets of f as the function value changes [CSA03, YMS*21].
The electron density field has maxima at the atom positions and
decays with the distance from the atom. We are interested in cap-
turing these maxima and how they merge together into different
structures. Therefore, we use a version of the merge tree called join
tree which tracks the super-level sets of f. Its leaves are the max-
ima of the scalar field, and its global minimum is the root. The tree
branches are at saddle points where two super-level sets merge to-
gether. We use a small persistence threshold equivalent to 1% of
the scalar field range to filter out topological noise from the trees.

Treatment of periodic boundary conditions. The periodic crys-
tal structure is given by a small unit cell that infinitely repeats in
all three spatial dimensions. If we compute the merge tree of the
charge density field in a single unit cell without considering the
periodic boundary conditions, we will obtain an incomplete topo-
logical picture of the density field. However, directly applying pe-
riodic boundary conditions to a single unit cell is not sufficient.
Some important merge events occur between components that are
identified through periodic boundaries, whereas they are different
in the expanded infinite crystal lattice, see Figure 1. To address this
issue, we instead compute the merge tree for an expanded 2 X 2 x 2
cell with periodic boundaries. This ensures that all key structural
changes in the infinite crystal lattice are captured in the merge tree.
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Figure 1: Applying periodic boundary conditions. (left) the merge
between the two components A will not be detected. (right) Creating
an expanded cell, here in 1 dim, all merges are correctly tracked.
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Figure 2: Layout of the material descriptor: (a) Full tree, which
can be collapsed interactively at each saddle-node summarizing its
subtree into a bar, (b) partly collapsed tree, (c) fully collapsed tree.
Each node in the tree is highlighted with a line at the corresponding
node value, using distinct colors based on critical type. Automatic
isovalue generation to highlight structural changes, based on the
values in node n and closest child c is highlighted in (a).
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Figure 3: (a) Visualization of the material descriptor for BeNy at pressure O GPa. Full tree and the summary bar, decreasing the charge
density from high (leaves in the tree) to low captures the main types of events in the saddle-nodes: 1. The N atom-components are born at
maxima, 2. They merge together with N-N bonds which then merge into chains, 3. The chains merge into layers, 4. The layers merge together,
and finally 5. the single component dies at the global minimum. Isosurfaces for relevant saddle points, together with atoms and critical point
positions, further highlight these structures (using perspective projection). (b) Summary bars for all seven pressures in comparison together
with isosurfaces for the lowest saddle for the pressures: 0, 17.8, 83.6 GPa (using orthographic projection).

3.2. Visualizing the material descriptor (T2)

The full material descriptor is the merge tree, which can be visu-
alized directly. Its nodes are colored according to the type of the
critical point (minima, saddle, maxima) using a qualitative color
map (colorbrewer2.org). The root of the tree (the global minimum)
is placed at the bottom and the leaf nodes (maxima) at the top. The
height corresponds to the charge density value, with the possibility
to use both linear and logarithmic scales, see Figure 2 (a). Since
the full tree is not well suited for a comparison of multiple mate-
rial structures, we design a summary bar as a collapsed version of
the tree. The summary bar shows each node value as a line marked
over a gray vertical bar. An example is shown in Figure 2 (b, c).
By clicking a node, one can interactively collapse or expand the
subtree rooted under that node. This gives the possibility to decide
the amount of information to show on demand. The collapsed tree
serves as a quick overview of the material structure. For compari-
son, the summary bars are aligned according to their density values.

3.3. Spatial visualization of the charge density (T3)

To inspect the structural changes at each node in the tree, we use an
isosurface visualization providing a link to the charge density dis-
tribution in space to verify the structures highlighted in the merge
tree. The direct value of a node in the tree gives us the exact point
when a merge happens, to show the structure just before this merge
we automatically specify a value slightly above the value in the se-
lected saddle node n with value f(n). To determine the isovalue
for the rendering, we first find the child ¢ in the subtree rooted
at n with the lowest value f(c). The isovalue is then specified as
iso = f(n) +0.1(f(c) — f(n)), see Figure 2 (a). We show the ex-
tracted isosurfaces in gray as a default. This allows for the possi-
bility to highlight atom positions or critical point positions in color.

© 2023 The Authors.
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We choose either perspective or orthographic projection in the ren-
dering process, depending on which highlights the structures best.
The rendering can be augmented with spheres showing atomic po-
sitions, Atoms colored according to the CPK color convention. Al-
ternatively, the saddle points highlighting the first merge of the in-
dividual components can be shown.

4. Case studies

We illustrate our method by applying it to simulated material data
described earlier in section 2. First, we apply our method to the
two types of layered materials. The final case study concerns the
comparison of a pure metal to a metal alloy.

4.1. Layered materials

We first examine the full merge tree of BeN4 for an expanded cell at
pressure 0 GPa and inspect the isosurfaces together with the atom
positions and critical point positions at different levels in the tree
as proposed in subsection 3.3. In all images, we use a logarithmic
scale for the charge density. We conclude the following essential
events in Figure 3 (a): 1. The super-level set components are born
at the maxima corresponding to the N atoms. 2. These components
merge at the saddles corresponding to N—N bonds to form N-N
bond chains. 3. The N—N bond chains merge to form layers. 4. All
the layers then merge into a single connected component. 5. Finally,
the single component dies at the global minimum. The merge trees
for the other pressures show a similar structure, but with a gradual
change in critical point values, as illustrated in the summary bars
in Figure 3 (b). An important observation is the change in values
for the saddle points corresponding to the layer merge and chain
merge (the bottom two saddle nodes in the summary bar). For pres-
sure 0 GPa these two nodes have a clear separation, meaning this
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Figure 4: m-NiN2 and p-NiN2 (38.0 GPa), using a logarithmic
scale for the charge density. Full trees together with summary bars
and spatial representations using an orthographic projection and
showing the isosurfaces for the lowest saddle points together with
atom and critical point positions. One can clearly see the layered
structure in p-NiN>.

is indeed a layered material. For increasing pressures, these saddle
values grow closer together, meaning that the merge from chains
into layers and then into a single component happens almost simul-
taneously and the material does not have as clear separation into
layers. For the highest pressure, 83.6 GPa, the layers cannot be dis-
tinguished, which is confirmed by the isosurface representations.
This finding from our analysis has also been used in a physics pub-
lication by our collaboration partners [BFC*21].

A second example of a layered material is NiN2, shown in Fig-
ure 4. The full trees can be seen together with the summary bars
and isosurfaces for the lowest saddle points. Together with the iso-
surface we render the atom positions and critical point positions.
One can clearly distinguish the layers in the p-NiN», while the m-
NiN has a different structure. This is also observed in the summary
bars where the lowest saddle points for m-NiN2 have similar val-
ues, meaning that the atoms merge into one volumetric structure at
once, without forming any layers.

4.2. Comparing metal and alloy

In Figure 5 we show the full trees and the summary bars as well
as selected isosurface representations, together with atom positions
and critical point positions, for the metal and alloy data. The iso-
value is based on one of the higher saddle points for the alloy tree,
and for simplicity, we use the same isovalue for the metal. Both
the tree and the summary bars highlight the difference in struc-
ture between the two materials; the Nb-metal is highly ordered and
symmetric, while the alloy is distorted. This is seen in the spread
in saddle points and maxima. The five different atom types in the
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Figure 5: Comparison of metal and alloy, using a logarithmic scale
for the charge density. Full trees with summary bars and spatial
representation using a perspective projection. The atoms and crit-
ical point positions are shown together with the isosurfaces (using
the same isovalue for both, derived from a saddle point in the al-
loy). The summary bars give a quick overview showing difference
between the symmetric metal and the distorted alloy.

alloy can be observed in the summary bar as five distinct maximum
values (the Nb atom still has a similar value as in the metal).

5. Discussion and Conclusions

We presented an approach that provides a quantitative and visual
summary of important structures in charge density fields of mate-
rials based on a well-studied topological data structure, the merge
tree. This summary can be expanded on demand to reveal finer lev-
els of detail of the structures. We demonstrated how these methods
can be utilized to compare different materials and quickly iden-
tify whether a particular structure, such as layers, is present or
not. The method has been developed in close collaboration with
the domain scientists, going through several iterations. The results
sparked new ideas for further development of the method and its ap-
plications. For example, these methods can be very useful in the vi-
sual comparative analysis of ensembles and in observing the struc-
tural changes in ensemble members as one or more input parame-
ters are changed. We believe the visualization of complete materials
databases would also be possible. In terms of improvements to the
analysis method, marrying the topological approach with meaning-
ful geometric measures such as shape descriptors [SFL*21] would
be one of our major directions for future research. Another inter-
esting direction could be to explore the automatic identification of
symmetric topological structures in merge trees [TN11].
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